In this paper, a Signorini problem is reduced to a variational inequality on the boundary, and a direct boundary element method is presented for its solution. Furthermore, error estimates for the approximate solutions of Signorini problems are given. In addition, we show that the Signorini problem may be formulated as a saddle-point problem on the boundary.
Introduction
The Signorini problems are a class of very important variational inequalities, which arise in many practical problems such as the elasticity with unilateral conditions [17, 5] , the fluid mechanics problems in media with semipermeable boundaries [4, 7] , the electropaint process [1] , etc. In the literature, there are many authors who have studied the problems, established the existence and uniqueness, and obtained the regularity results for Signorini problems (see Brézis [3] and Friedman [6] ). Furthermore, the numerical solution of the Signorini problem by the finite element method has been discussed [7, 8] . We know that the solution of the Signorini problem satisfies a linear partial differential equation in the domain, even when the problem is nonlinear. Hence, it is natural and advantageous to apply the boundary element method to Signorini problems. An indirect boundary element method for solving Signorini problems has been presented in [9] .
In this paper, we will present a direct boundary element method for solving the same problem. First, using the Calderón projector for the traces and the normal derivative of the solution of the Signorini problem, this latter is reduced to a variational inequality on the boundary Y based on a direct boundary element method. The resulting variational inequality on the boundary involves both weakly singular and hypersingular boundary integral operators. The bilinear form arising in this boundary inequality is continuous and coercive on suitable subspaces of the Sobolev space 77 ' (Y) x 77-' (Y). This leads to existence and uniqueness for the solution of the boundary variational inequality. Furthermore, the Signorini problem can also be formulated as a saddlepoint problem involving only boundary integral operators on Y, which finally we can solve with a uniform boundary element Galerkin method and obtain quasioptimal error estimates for the Galerkin error. Let Q be a bounded domain in R with a smooth boundary Y. Suppose r = r" U T, (as shown in Figure 1) , with YQ^ 0. We define where Hm(Q) and Ha(Y) denote the usual Sobolev spaces, m, a are two real numbers (see [15] ), and f e 77~'(Q) and g e H~i/2(Y) are given functions.
We know that K is a closed convex set in 77 (Q).
Figure 1
We consider the following variational inequality:
find u e K such that
Problem (1.1) is a model for Signorini problems. The following theorems are known [8] . a.e. on Yx.
Next, let u0 be the solution of the following boundary value problem:
-Aun = f in Q, (1.3) ° Jn uQ = 0 on F.
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Hence, we have by the first Green's formula with ueH (Q) and f e L (Q)
From (1.1) and ( 1.4) we obtain with u, u0e K,
Let w = u-u0 and g* = g -du0/dn ; then w solves the following problem:
Find w e K such that a(w,v-w)> g*(v-w)ds Vv e K.
Therefore, without loss of generality, we may assume that f = 0. In this case, problem (1.1) is reduced to Find u e K such that
2. An equivalent boundary variational inequality for problem (1.1)* Suppose that u is the solution of problem (1.1)* ; then in the domain Q, Au = 0. Let I = âu/ân\r e H~l,2(Y). By Green's formula we obtain (2.1) u(x) = I dG{dXny)u(y)dsy -I G(x,y)X(y)dsy VxeQ, where G(x, y) = ¿ log|x -y\, x ^ y ; n denotes the outward unit normal to r = dQ at y e Y. By the properties of the single-layer and double-layer potentials, we obtain the first relationship between X and w|r : (2.2) \u(x) = I dG{dXn'y)u(y)dsy -I G(x,y)X(y)dsy Vxef.
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Furthermore, using the behavior of the derivative of the single-layer and doublelayer potentials [10, 12, 16] , we get lu x fd2G(x,y) . . , fdG(x,y).. Hence, the variational inequality (1.1)* is reduced to the following boundary variational inequality:
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find (u, X) e K x 77 1/2(r) such that is a bounded bilinear form on V x V (see [11] ). We now prove inequality (2.13). We have /., . as ., s (dv dv\ (2.14)
We recall (see [13] 
Since e is an arbitrary constant, we obtain
On the other hand, for any u, v e K, we know that u + t(v -u) e K (0 < / < 1 ) ; then K is convex, and we get
that is, This means that (u, X) e K x 77 ' (Y) is the solution of (2.6). Each of the above steps is reversible, and we conclude that if (u, X) is a solution of (2.6), then it is a solution of (2.18). D 3. The discrete approximation of the boundary variational inequality (2.7)
Suppose that S, and S, are two finite-dimensional subspaces of 77 ' (Y) It is straightforward to prove:
Theorem 3.1. The problem (3.1) has a unique solution (uh, Xh) e kh x^ . Furthermore, we obtain the error estimate stated in the following theorem.
Theorem 3.2. Suppose that the solution of (2.1), (u,X), satisfies u e K u H]/2+a(Y), X e H~l/2(Y)UH-l/2+n(Y) ,and ge H~l¡2+a(Y), where 0 < a < 1 ; then the following error estimate holds:
where Ca is a constant independent of hx and h2.
Proof. Taking v = uh and p = Xh -X in (2.7), we have
Similarly, we get In this section, we will present an approach for solving problem (3.1). Let ax(u, v) = aQ(du/ds, dv/ds) ; then problem (3.1) can be rewritten as follows:
Find {uh, Xh) e Kh xSh suchthat (ii) Ah(u,v) is symmetric. A method for solving problem (4.7) can be found in [7] . After solving (4.7), we can get X(uh) from problem (4.1); then formula (2.1) gives the solution of the original problem.
